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Diffusion dominates the early stages in the development of viscous flows after an 
impulsive start. Here we solve the unsteady Stokes flow equation for a semi-infinite 
flat plate to help understand both how the effect of the edge penetrates the vorticity 
within the shear layer along the plate and how the potential flow outside this layer 
commences. 0 1992 Academic Press, Inc. 
1. INTR0DUCTl0N 
The uniform flow past a flat plate has been a canonical problem 
throughout the development of boundary layer theory. From the initial 
calculations of Blasius Cl] for the leading edge flow, including the local 
behaviour by Carrier and Lin [2], through the description of the overlapping 
layers in the neighborhood of the trailing edge by Goldstein 131, to the 
intricacies of the triple-deck structure introduced by Stewartson [4] and 
Messiter [S] has come a basic understanding of high Reynolds number 
fluid flow. The simple geometry has enabled analytical solutions to be 
found, and with the intuition thus gained more complex situations can be 
considered through approximate methods. For unsteady flows after an 
impulsive start, the first results were presented by Stewartson [6], though 
it was his fundamental contribution [7] to fully describe how the effects of 
the leading edge pass through the shear layer to the plate. One aspect of 
the time dependent flat plate problem which has not been properly con- 
sidered yet is the local flow near the edge. To fully describe how the triple- 
deck at the trailing edge develops in time after an impulsive start is clearly 
a formidable problem, and the solution near the leading edge is still far 
from straightforward. In these domains diffusion both parallel and per- 
pendicular to the plate must be included at some stage in the process, so 
the boundary layer assumptions are inappropriate. However, an initial step 
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FLOW PAST A FLAT PLATE 217 
is to consider the behaviour for small times after the impulsive start 
through solving the unsteady Stokes flow equations. 
The complete Navier-Stokes equations for the vorticity o(x, y, t) and 
the stream function $(x, y, t) in two dimensional unsteady flow with 
Cartesian coordinates (x, y) are 
a(+, w) pw 
Wr-qg= ’ 
w = v2*, (1.1) 
where u is the vorticity. For small times t diffusion alone dominates the 
behaviour, whatever the viscosity of the fluid, and so the inertial terms can 
be properly neglected to give the linear equations 
w, = vv2w, w = v2*. (1.2) 
The larger the viscosity, the longer the time that the linear equations are 
valid, and indeed there is value in considering these equations to under- 
stand how steady slow viscous flows develop. Still, there have been few 
attempts in this direction, a major reason being the ever-present problems 
connected with the Stokes paradox for two dimensional flows (cf. Smith 
[S], where velocities are seen to grow without bound as lnt when t + 00). 
Here, in Section 2, we solve the equations (1.2) for the uniform flow past 
a semi-infinite flat plate by taking a Laplace transform in t and a Fourier 
transform in x and then formulating the problem as one of Wiener-Hopf 
type. Some time ago Carrier and DiPrima [9] were interested in describing 
the manner in which a boundary layer responds to the fluctuations in the 
external flow about a steady mean-particularly in helping to understand 
the Rijke tube phenomenon. One of their model problems concerned the 
flow parallel to a semi-infinite flat plate when the flow at infinity has 
the velocity U exp(iwt), and the inertial terms can be neglected. They 
proceeded to solve this by a Weiner-Hopf process, and conveniently their 
basic step of separation is equivalent to that required here, with the pure 
imaginary quantity iw replace by the (complex) Laplace transform variable 
s. Consequently, parts of their analysis can be adapted to what we need; 
finally, there remains the evaluation of the inverse Fourier and Laplace 
transforms. 
The nature of the flow when t is small both inside and outside the 
developing shear layer on the plate can be readily understood and the 
times for which the nonlinear terms are correctly neglected computed. If, 
more generally, there is an oblique flow set up past a finite flat plate, then 
the local flow near each edge will be around the edge. In the third section 
we extend the earlier analysis to cover the situation when the potential flow 
around the edge of a semi-infinite plate is started impulsively. This 
solution’s validity will be weaker, because it is known physically that such 
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flows separate at the edge, and the nonlinear equations are required to 
describe such behaviour. 
2. SYMMETRIC FLOW 
We begin investigating the classical situation in which there is a uniform 
stream parallel to the plate. The fluid is at rest for time t < 0 when, at t = 0, 
a uniform flow with velocity U is impulsively set up in the direction of the 
x-axis; the semi-infinite plate occupies the positive x-axis. Hence we solve 
Eqs. (1.2) together with the boundary and initial conditions 
lj=*,=o for y=O, x> 0, t >O; (2.1) 
$ = tiy.v = 0 for y=O, x<O, t>O; (2.2) 
* = UY for t=O, y#O. (2.3) 
Because of the symmetry we can restrict the solution to y 2 0 only. We note 
that the solution of the time independent equation V2w = 0 which satisfies 
(2.1), (2.2) and has the weakest growth at infinity is 
$ a r3”(cos 40 - cos 30) 
(cf. Carrier and Lin [Z]), which shows an infinite velocity as r + 00. 
Consequently, the only condition that we impose is that the velocities are 
finite as x, y -+ cc for finite t. 
For the solution, we first write 
*=uy+ Y, with 52 = V’Y, 
to isolate the free stream, and then rewrite the conditions so that 
Y/=0, Yy= -We-“” on y=O, x>O; (2.4) 
Y = !PY.” = 0 on y=O, x<O; P-5) 
Y=O for t=O, y#O. (2.6) 
The constant 6 is positive, but will be made to tend to zero at a later stage 
in the calculations; its introduction is a common device in the solution of 
Weiner-Hopf problems to avoid the presence of singularities arising in the 
resulting integrals . 
If Laplace and Fourier transforms are defined by 
!F(x, y, s) = Jm e-“‘Y(x, y, t) st, 
0 
!F(a, y,s)=jm e-i’“!F(x, y.s)dx 
-0z 
(2.7) 
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then 
6,= a2+; 6, ( 1 fj=@ -a24s YY 
The solution of (2.8) which satisfies F= 0 on y = 0, plus !? + 0 as y -+ co, 
is written as 
I@, y, S)=A(a,S){e-I*lY-e--‘“Z+“/U)“ZY}, (2.8) 
where A will be found from the two remaining conditions. The 
Weiner-Hoppf technique requires us to write 
x < 0, 
‘~YY’Y=o={;(x,S)( x>o, 
- Us-leC”x, 
mY=o= { g(x, s), 
x > 0, 
x < 0, 
for some functions f and 2, so that 
(I,)~“~o=~LUf(X,s)e-‘~~dx=F-(a,s), 
0 
(!Fy)y~o=~f, g(x,s)eeiaXdx- Us-’ joa eCsxpi”“dx 
=G+(a,s)-Us-‘(6+ia)-‘, 
where F-(cr, S) is an analytic function of CI in some lower half plane, 
and G+(s S) is an analytic function of c1 in some upper half plane, both 
including the real axis. Consequently from (2.8) 
- SA=F-, 
V 
and eliminating A requires 
F-+~(a2+~)1’2+,a,}G+=Us~1(6+~a)-1{(a2+~)1’2+l~/j. (2.9) 
However, to effect the process, it is desirable to write this as the limit as 
the real positive constant E -+ 0 of 
112 
+ (a2 + c2)l” G, 
= us-‘(6+ia)-’ + (a’ + E2)l’2 (2.10) 
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K(a, s) = 
s 12 
i( > 
Cc’+; + (a2 + &2)li2 
I 
into the ratio K+(cr, s)/K(cr, s), where K, is analytic in the upper half 
plane Im(cc) > -E, and Kp is analytic in the lower half plane Im(a) <E. 
This calculation is reported by Carrier and DiPrima [9], who showed 
(after the correction of some typographical errors) that 
where, in the limit as E + 0, 
1 
F(u, s) = (u2 + s/u)l/2 ln i 
(s/up2 + (u’ + s/up2 
(s/u)“2 - (u’ -I- s/up* I 
2 
= (22 + s/uy In 1 
(s/up2 + (22 + s/up* 
ue(‘/2)‘” 1. 
(2.12) 
The a-plane (and u-plane) is cut along the positive imaginary axis, with 
branch points at CI = 0 and a = i(s/u)“*, and the branch of the logarithm 
function taken requires that the function is zero at a = -i(s/u)“’ to ensure 
that 9(a, S) is analytic in the lower half plane. In particular, K-(0, s) = 1, 
K, (0, s) = (s/u)“‘. 
The Wiener-Hopf process is completed by writing (2.10) as 
K- (a, s) Fp (a, s) - 
UK+ (id, s) 
~(6 + ia) 1 
K+(a, 3) G+ja, s)- U{K+(a,s)-K+(%s)) =. 
s( 6 + ia) 1 . 
The first term is analytic in the lower half plane Im(a) < 6, the second term 
is analytic in the upper half plane Im(a) > 0 to ensure an overlap region, 
and from the behaviour as a + co, it follows from Liouville’s theorem that 
each bracketed term is identically zero. That is, once 6 -+ 0, we have 
-iiJ 1 
F-(a,s)=oS)l/ZtlK(a,s)’ (2.13) 
so that 
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plus 
iU 1 
a(4 .Y, s) = - (vs)1/2, K-(a, s) e 
- (2 + s/upy 
. (2.15) 
The final integrals for YJ and Q then follow after one has taken the inverse 
transforms to (2.7); the remainder of this section will develop approxima- 
tions to these integrals which are valid for small times. 
First, we consider the vorticity, where 
iU 
cyx,y,s)= -~ 
s 
m ei”X 
~ (a2 + s/v)‘/*)’ da 
2n(us)“* pm -Fe K-(or, s)’ 
(2.16) 
and the path of integration must be taken to pass under the origin. 
Now when x > 0 the contour can be deformed to trace the circle 
a = R,eie(R1 + co) from 0 = --n to t? = - $71, the cut 0 = - !rr from 00 to 
0, the circle a = R,e”(R, -+ 0) from 8 = - $c to f3 = $r, the cut f3 = $r from 
0 to co, and the circle c(= R,e”(R, -00) from e=$c to 8=0. The 
contributions on the large circle tend to zero when R, + co, and there is 
no particular contribution from the neighbourhood of the branch point at 
a=i(s/o) . ‘j2 The expressions for K_(cc, S) on the separate portions of the 
cut 8 = - $, $r are given in the Appendix, following the calculations of 
Carrier and DiPrima, and when the contribution from near the origin is 
added, the integral (2.16) reduces to 
+ s lm B-‘{j3+ (fi’- 1)1’2}1’2P(j)e-B’ cos{(fl’- 1)“2[} d/l], (2.17) 
for x > 0, where 5 = (s/u)“~x, { = (s/u)“‘y, plus 
P(j?)=exp{- tJ:$}, 0=arcsin(b-‘), 
Q(lr)=exp{ - k( rlncot~r)+~~~)}, t=arcsinp. 
When the inverse Laplace transform for the first term is taken, the 
contribution to Sz is U(n~t)“~ exp( -y2/4ut), which represents the vorticity 
in the shear layer along the plate if it is infinite in length with no leading 
edge. With the second term in (2.17), we see that for small time there is 
409/167/l-15 
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exponential decay in J, though algebraic decay in X, and so taking the 
inverse Laplace transform here gives the basic contribution of the leading 
edge to the vorticity within the shear layer. Now for small /I it can be 
shown after extensive but reasonably straightforward calculations that 
Q(P)= 1 +n ~‘~lnj3-rc ‘(ln2+1)@+47t ~‘p21n2P 
- nP2(ln 2 + 1)p’ln p + 47r 2(ln2 + 1)2p2 + in-‘/?’ In3 B 
-2 ‘71~~3(ln2+1)~31n2~+~n~3{(ln2+1)2+~~2}~31nj? 
-~71~3{(ln2+1)3+(ln2-~)7r2}~3+O{~41n4~}. (2.18) 
Therefore, the contribution to the vorticity from the first two terms of 
(2.17) in the shear layer for small times where 
Y=y/(ot)““=0(1), X=X/(ut)“2g 1 
shows 
u 1 
i-2 = (vt)l/2 751/2 e [ 
-“‘4’Y2+2&erfe 
( > 
; y 
--$$ 
i 
(lnX+ln2+y) 
( 
-$e-(1/4)y’-Jj Yerfc i Y +f Ylnr 
( >> 
+‘I 
5 In v 
n 0 
~(l-ePUzcos(Yv))du+JO~ yv-~~(yv)e~‘z&) 
+&ln2X 
1 
(Y2+2)erfc 
( > 
2 Y -$ YeC’1’4’y2 }+o@)]; 
(2.19) 
the order of integration (with respect to /I and with respect to s in the 
inverse transform) can be interchanged as long as x > JJ > 0. The value of 
calculating any further terms is limited given that not all the integrals can 
be given in terms of standard functions. 
The third term of (2.17) has exponential decay in both x and y and 
represents diffusion centered on the leading edge; for small t it gives a 
contribution 
O(Ur-’ exp( -r2/4vt)}, r2=x2+y2, (2.20) 
towards the vorticity, which is negligible compared to that already 
calculated. A similar composition of terms for the vorticity was noted in 
some earlier work on the unsteady Stokes flow equations by Smith [S]. 
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Hence, the vorticity on the plate for small t follows directly from (2.19) 
when y is set equal to zero, but extending this for higher order terms gives 
(QL=o = u [ 
1 ~+~-~(~)“‘[ln{~i+~~+l] (nvt)l/2 
-~[ln’{~~+(21”2+57)ln{~j 
+ ln22+~ln2-~~2+2~+~a’-I 
( 111 . (2.21) 
The coefficients have been left in this exact form for precision, but com- 
puting the numerical values of the constants shows 
0.318 0.359 In X 0.463 0.101 ln2 X ~- --- 
cm4+ Jr x2 x2 J-3 
0.433 In X 0.171 ln3 - -- 
x3 x3+ox4. (31 
So far, all the approximations have been for x > 0; however, it is easy to 
see that the dominant term when x < 0 is just that given by (2.20). 
The other calculation of interest is to determine the growth of the 
streaming velocity in the body of the fluid due to the development of the 
shear layer on the plate. For this we need only the first (potential) term 
(written as 1,) from (2.14), as the second term gives the stream function 
from which the vorticity was derived, and it is already known that this is 
at most exponentially small outside the shear layer. The dominant term 
away from the layer is therefore given by 
where the path of integration again passes under the origin. When the 
contour is deformed as before it is seen that the leading term comes from 
the integration along the cut where JcY.) <(s/u)“~ to show 
Using expansion (2.18) for Q(b), integrating term by term, and then taking 
the inverse Laplace transform lead eventually to 
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Uvt --T lnrsin0+(7r-0)costr 
nr 
u vt 3!2 
+ -- 0 
6n2r2 n 
[ sin 28 ln”(ut) 
sinH 
> 1 
-4 i lnrsin28+(7r-B)cos28+ (3 !+‘i 29 sin28 1 ln(vt) 
+ 4(ln* r sin 28 + 2(71- 0) cos 20 In r- (7r - Q)* sin 20) 
+8 i+ky {lnrsin28+(rc-0)cos28} 
( > 
+ y’+$$+y+;n2 { I 1 sin 2% ; (2.22) 
it is observed that this can be written in the form Y, z U(ot)“*~{r/(ut)“*, $} 
for some function 9. Although all the above integrations formally required 
x > 0, it is easily seen that (2.22) is in fact valid for all x. 
In particular, if we write the velocity of the fluid on the axis y = 0, where 
x < 0 as e(x, t), with (J& = Ye,,, then 
Q=&2o’-U 
n312R n2R2 
lnR+ln2+~+~~ 
> 
-&{ln2R+(~+~)lnR+(~~2+~~+$+~rr2)~ (2.23) 
for R = r/(vt)“* $ 1; here r = 1x1. 
From these differing expressions we can gain some understanding of the 
physical processes involved in the motion, remembering from Stewartson 
[6] that for small time the only response which boundary layer theory can 
measure is the Rayleigh shear layer. To begin, we observe that diffusion 
acts both normal to the face of the plate (measured by the variable Y) and 
radially from the leading edge (measured by the variable R). However, all 
the effects of the latter are exponentially small as exp( - ax*) along the 
plate and as exp( - $R*) in the body of the fluid (cf. (2.20)) and therefore 
can be neglected for the small time behaviour compared with the algebrai- 
cally small terms already given. These effects obviously play an increasing 
role as the flow continues to develop and particularly as the steady state is 
approached, but here they are irrelevant. 
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Immediately after the impulsive start the Rayleigh shear layer forms 
along the plate, as given by the first term of (2.19), and the initial aware- 
ness of this in the body of the fluid is felt as a source flow focused on the 
leading edge of the plate with the magnitude growing as O(t’/*)-the first 
term of (2.22). It was shown in Smith [S] that the immediate response of 
a two dimensional stokeslet at the origin is given by a dipole. His calcula- 
tion can be extended directly to show that the immediate response of a line 
of stokeslets, distributed along the positive x-axis (all with the same 
direction), is given by a source situated at the origin, which thereby gives 
meaning to this first term of (2.22). The upstream effect then is that the 
plate acts as a block to the uniform stream, as observed from (2.23); the 
downstream effect of this source flow is to lead to a perturbation in 
the vorticity which increases the skin friction on the plate, as measured 
by the second term of (2.21). This second term, being dependent on x, gives 
the dominant influence of the leading edge on the vorticity in the boundary 
layer for small time and in turn leads to the next adjustment in the interior 
potential flow represented by the dipole term rv’ sin 8 of (2.22). This 
dipole at the origin has its axis parallel to the plate, and the streamlines are 
circles, each with its centre on the y-axis and with y = 0 as tangent; the slip 
velocity along y = 0 due to the dipole is negative for all x. 
As the time increases the boundary layer along the plate where Y = O(l), 
and the leading edge domain where R = O(l), both thicken, and as the 
shape of this region of high shear develops, the streaming flow continues to 
be displaced. Such action is represented in the interior of the fluid by a 
succession of potential flows, commencing with the source and dipole and 
continuing with the set of terms as given in (2.22), with each higher order 
potential growing more slowly than each preceding (lower order) potential. 
From the results presented in [8] this was expected, but what is distinctive 
here is the number of such potentials. The third term (only slightly 
smaller in time than the second) shows the harmonic function 
r ~ 1 {In r sin 8 + (rc - 0) cos Q}, which is the imaginary part of the complex 
function --z-l ln( -z), where z = t-2’. It can be seen from extending the 
series (2.22) that all the terms Im{z-” In”( -z)}, where m, n are 
non-negative integers with m >,n, are present. The streamlines for 
Im(z-’ ln( -z)} constant are sketched in Fig. 1; in the present context this 
contribution towards the flow represents a flux out of the shear layer 
towards the origin, which re-feeds the layer for mass balance and, in turn, 
induces the upstream circulation. This is quite a detailed circulatory flow, 
and as the order of the singularity is increased (e.g., ln* r sin 2&J + 
2(n - 0) cos 28 In r + (n - 0)’ sin 28), so is the complexity. Because the 
basic variable which describes the behaviour is the diffusion variable R, 
these logarithmic potentials and the logarithmic developments in t grow 
together. 
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FIG. 1. Streamlines corresponding to $ = I -’ In r sin 19 + r-‘(a - 0) cos 0; Ox represents 
the plate. 
The continuing interaction between the growth of vorticity close to the 
plate in a domain with evolving shape and the growth of a potential flow 
in the interior can be traced through the terms of increasing order tm In” t 
which are present in (2.21) and (2.22). With each of the terms in % - U of 
(2.23) being negative comes the indication of how the growth of the 
vorticity domain acts initially to slow down the flow on the negative axis. 
In our analysis we have worked from the vorticity equation, which 
excluded the pressure; when the momentum equations are considered, it is 
seen that the source term in (2.22) produces the dominant pressure p, 
where 
In r, R-+ 1; 
p is the fluid density. Consequently, the pressure is singular in t not 
only as t + 0, as expected with the impulsive start, but also is the radial 
distance r. 
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For completeness, we record that the streamfunction Y derived from 
both terms in (2.14) valid in the shear layer along the plate where 
Y=O(l), 9 1, shows 
YEU “t l/2 0 H 2(1-e-(1/4)y*)+7c1i2Yerfc lc ( )I t Y 
++I &‘/2 1 { ( -erfc(i Y)) 
-2Y(2-~-~1~4)YZ)-~1~2YZerf~ i y ( >I 
+ i nezXp2 In X 2(4 + Y*),-(1’4)yz 
- 7r”‘Y(6 + Y2) erfc 
for the first few terms. 
The foregoing has been a linear analysis, though of course the real 
behaviour does require the full Navier-Stokes equations, and so we 
conclude this section by observing the role of the nonlinear inertial terms 
of (1.1) which have so far been ignored. From (2.19) (2.23) it follows that 
in the shear layer, with y/(ut)“*= O(l), x/(u~)‘/~$ 1, that the dominant 
term for w, (and uV20) has the magnitude O(UU-“~~-~‘~). Similarly, the 
dominant term for the Jacobian a(+, 0)/8(x, v) is O(U*x-*). Conse- 
quently, the nonlinear terms are correctly ignored when 
Uv’12t3?-2 < 1, (2.24) 
which clearly defines a definite time domain when the linear terms 
do dominate. To continue, the higher order terms for w provide contri- 
butions with magnitudes OIUxpltel ln{x/(ut)1i2}], O(Ux-‘t-l), 
OpJu’12x-*t- 1’2 ln2{x/(ut)1’2)], etc., towards w, (and uV20). Hence for 
the second and third terms in (2.19) (2.20) to be valid it is sufhcient that 
When the calculations are extended once more, for the fourth to sixth 
terms to be valid it is sufficient that 
Uu-“2t”2$ 1, 
which still gives a finite time for all values of the viscosity u. 
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Outside the boundary layer, a parallel argument shows that the 
nonlinear terms are negligible for Uz;‘12t3!2r -’ 6 1, equivalent to (2.24). 
3. ANTISYMMETRIC FLOW 
So far we have just considered the uniform flow parallel to the plate, and 
we now extend the preceding analysis by investigating the impulsively 
started flow around a semi-infinite flat plate, flowing towards the edge on 
the lower side and away from the edge on the upper side. (If the flow from 
infinity towards a finite plate is at a non-zero angle, this will model the 
flow in the neighbourhood of the edge.) The method of solution is essen- 
tially the same as that presented in Section 2, and so we abbreviate its 
description to just reporting the basic conclusions. In his study of the 
diffraction of sound waves by a half-plane barrier in a viscous medium, 
Alblas [lo] reduced the governing equations to a pair of Helmholtz equa- 
tions and was left with a similar Weiner-Hopf problem; however, here we 
can adapt the solution from the previous section immediately for our result. 
To begin, it is known that the potential flow around the semi-infinite flat 
plate y = 0, x > 0, is given in polar coordinates by lc/o cc r1’2 sin $0; that is, 
e0 satisfies V2$,=0 for O<tI,<7t with tiO=O on 0=0 and $Os=O on 
0 = n. The Cartesian form shows 
l/bo(x, y) cc {(x2 + y’)“2 -x) li2; (3.1) 
the corresponding velocity has a square root singularity at the edge. 
Consequently, if this potential flow is set up impulsively at time t = 0, 
then we can write 
$(x, y, t)=?c((x2+y2)“2-X}“2+ Y(x, y, t), 
for some positive constant K, and proceed to solve Eqs. (1.2) subject to the 
conditions 
Y=O, Y.” = -fc(2X)-1’2e-6X on y=O, x>O; (3.2) 
Y>> = Y.“yy = 0 on y=O, x<O; (3.3) 
Y=O at t=O, y#O; (3.4) 
as before, the limit with 6 -+ 0 is taken later. Finally, only the slowest 
possible growth at infinity is retained. When Laplace and Fourier trans- 
forms are defined by (2.7), it follows that 
F(ct, y, s)=B(lY., S)P-‘a’y+C(CI, s)e-(z2+3’u)‘~2y, (3.5) 
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for unknown B, C. Then the conditions on y = 0 show that 
7c’121c 
(!Fy),=,= -- 2,,2s (6 + w1’2, 
and also that there are functions H-(X, S) and J+(c1, S) such that 
(q,=o=J+(a, s), (~y~~y),=o=H-(a, $1, 
where H_ and J, are analytic functions in lower and upper half-planes, 
respectively, both including the real axis. When these conditions are 
substituted into (3.5) and B, C are eliminated, we have 
Hp(a,s)-,a, (az+~)“2{(a2+~)1’2+,a,}G+(a,s) 
7L”*K 
= -pg+ia)- ‘I2 {2a’+;+ ,a( (a*+;)‘-‘}. (3.6) 
This represents the basic equation for the Weiner-Hopf process for the 
antisymmetric problem analogous to (2. 9) for the symmetric ase, and for 
its completion it is necessary to split 
L(a , s) = (a* + &*)“*(a2 + s/u)“’ ((a’+ s/u)“* + (a2 + E2)li2} 
into the ratio L, (a, s)/L- (a, s), where L, are analytic for Im(a) > -8, 
Im( a) < E, respectively. This decomposition can be written down 
immediately as 
Lp(a, s) = (a - k-l” {a - i(s/o)“‘} -l’* K-(a, s), 
L+(a, ~)=(a+iE)~~~{a+i(s/u)~~*}‘/*K+(a,s), 
where K_ (a, s) was given by (2.11) in the limit as E + 0. The separation of 
(3.6) is now straightforward, and we can conclude as both 6, E + 0 that 
HP(a, s) = - 
711i2~v-3i4s5.1’4 
2”*aL-(a, s) - 
n”*rc(l -i) a3,2, 
2s 
Therefore, 
F(a, y, s) = - 
’ 
(3.7) 
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-lz’+$.r)‘?i~ 
@a, I’, s) = 
711,?tiu 34s I.‘4 p 
2’%(a2 + s/u)“‘: L (a, s) 
(3.8) 
The inverse Fourier transform which gives !P and Q can be evaluated 
through deforming the contour of integration in the manner already 
described. For the vorticity we then have 
+j,~~-‘:‘(1+~)-I-7(~+(~2-1)1~2}1~2P(P)C-~isin((82- l)i.‘i)dB] 
(3.9) 
for x > 0, where P and Q are as previously given. The first integral gives the 
dominant contribution in the shear layer along the plate. In particular, 
upon taking the inverse Laplace transform and setting y = 0, we find that 
61n2+y+rr-2 
4nx’~= 
+ 31n22+2yln2+27rln2-~ln2+~~‘-~yn 
( 
11 
(3.10) 
for X= x/(vt)‘12 B 1; numerically 
(Q),=o 
0.112lnX 0.331+0.0301nZX+0.1561nX -~ 
x x x2 
Also, the second term in (3.9) is exponentially small as 
0{ ~(utr)-‘/~ exp( -r2/4ut)) 
throughout the fluid. 
Next, when the streaming flow is considered away from the shear layer 
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along the plate, the leading terms for small time are potential, and from 
(3.7) these can be evaluated as 
y _ 2’12u vt lJ2 rv- - 
0 nr L i i 1 i 
ln(vt) sin 8 - In r sin 9 + (n - 0) cos 
i 
8 
7c 1 
- ( 
(up2 
2ln2+;?+:7c+2 1 sirriO-- 
1 
i 41n2(vt)sint~ 
-ln(ut) lnrsin~D+(7r-s,cos~s 
{ 
+ 3ln2+ig+fn-i Sin~eCnc0S~8 
> 
+ ln2rsin~B+21nr(a-O)c0s~B-(n-B)2sin~~ 
1 
-(6ln2+3y+n-3) lnrsiniB-(n-8)cosaB 
i 
lnrcosiH+(n-8)sinSB 
- 91n”2+3yln2+4nln2+ln2+~~2-~Vc ( 
(3.11) 
for r/(t)“‘+ 1; here we have Y=~(u/r)‘~’ B{r/(ut)“2, O} for some 
function Q. 
Many of the features of the description given in the previous section are 
present here as well. Immediately after the impulsive start a shear layer 
forms along the plate, where the vorticity is singular at the leading edge; 
the dominant term for small t in (3.10) is derived directly from the solution 
of the Rayleigh equation corresponding to the potential flow (3.1). The 
formation of this shear layer leads in turn to a perturbation in the interior 
potential flow, and the process of interaction between the harmonic 
functions in the body of the fluid and the vorticity terms in the boundary 
layer along the plate continues for the higher order terms. 
However, unlike the earlier problem in Section 2, where boundary layer 
theory gives little help, a definite comparison of interest is possible here. 
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The initial potential flow along the upper surface of the plate (we restrict 
our discussion here to y 3 0) creates a shear layer, in which boundary layer 
theory indicates that we ignore longitudinal diffusion and pressure 
gradients. That is, we would be required to solve tiV, = a$?, , for x > 0, 
where $=tij,=O on y=O and II/,,=2 ~“*tix I’* as ~+a (from (3.1)); 
this has the solution 
(from which the first term of (3.10) follows), with 
y’l,m, ICI= &I,2 -jy-2(y2]. (3.13) 
Now the first term of (3.13), the stream function representation at the edge 
of the boundary layer, is already included in tiO(x, y) and so the second 
term leads to the perturbation II/r(x, y, t) in the interior potential flow. 
The function tji should therefore satisfy V't+b, = 0 for 0 < 8 < z, plus 
I)~ = --K(2ut/nr)1/2 on 0 = 0 and Il/,e = 0 on 8 = rc; however, this does 
not lead to a unique solution. Although the harmonic function 
~,=r~‘~*{1nrsin~8+(rr-~)~0s$~} satisfies qS2=m-‘/* on 0=0 and 
tize = 0 on 8 = rr, the distinct function $i = r-‘I* sin f 0 is an eigensolution 
satisfying +4,=0 on 0=0 and #,s=O on 8=n. From (3.11) we see that 
both d2 (with the coefficient expected from boundary layer theory) and d, 
are present; in fact, an eigensolution is the dominant term for small t in 
(3.11), and its presence follows from the role of the diffusion variable R 
once the In r behaviour of 42 was necessary. Clearly the boundary layer 
approach by itself is inadequate and it requires the complete equations 
including longitudinal diffusion and the pressure gradient to give a unique 
solution. This pattern continues for the higher order approximations: the 
presence of eigensolutions r pm ~- ‘I2 sin(m + $0 at each stage is necessary, 
as is the inclusion of terms growing in time as (ut)“2m ln”(ut) to accom- 
modate the rpmp “’ In*‘?. sin(m + 4) 8 part of the potentials. (We observe 
now that equivalent statements could have been made for higher order 
terms in the problem in Section 2, but were reserved until now because of 
the greater ease of presentation here. In Section 2, r-” sin no, n = 1, 2,..., are 
eigensolutions.) 
The streamlines for the streamfunctions +r and & are given in Fig. 2. 
The curves for the dominant term d1 = constant are cardiods; physically 
there is a slowing down of the fluid at the edge of the plate (on both sides) 
and the consequent acceleration across the axis of symmetry. The curves 
& = constant are more complicated, but predominantly play the role of 
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FIG. 2. (a) Streamlines corresponding to c$, = r- “‘sin f 0. (b) Streamlines corresponding 
to &=r- “‘In r sin L 0 + C~“(TI - f3) cos f 0; S is a stagnation point and Ox represents the 2 
plate. 
transferring fluid from the lower to the upper boundary layers, though 
there is a local circulation near the origin with the presence of the 
stagnation point S. 
To complete this discussion, when an analysis of the nonlinear terms is 
included, it is seen that when r/(ut)“’ 9 1, the leading term in (3.10) is valid 
for 
utF3’* ln{~/(ut)“*} 4 1, (3.14) 
and the first two terms for lctru3’* + 1. The remaining terms in (3.11) are 
234 S. H. SMITH 
all appropriate as long as ~1’ ’ “t’ ‘Y ’ ’ 4 I, which still gives a finite time 
for all viscosities 0. 
For this problem the unsteady Stokes flow equations (1.1) have a 
smooth solution for all times t, though physically it is known of course that 
(except for the most slow viscous flows) separation does take place at the 
edge. It would require the inertial terms in the full Navier-Stokes equations 
(1.2) to describe such a behaviour, which would show a streamline 
separating from the edge to reattach at some point on the upper side-the 
whole region of recirculating fluid growing in size at t increases. 
The domain where the inertial terms are required is ~tr “* ln{ r/(vt)“‘) = 
O( 1) from (3.14), and it is reasonable to assume that after separation this 
recirculating region has dimensions of such a magnitude. On this basis, we 
can suggest that the position of reattachment (x,, 0) on the plate shows 
for xJ(~t)‘/~ $ 1. 
ax,,?‘2 ln{x,/(Ut)‘!*j = O(1) 
APPENDIX 
0) 0 n c1= e-3ni’2(.s/U)“2/j, for 0 < B < 1, (2.11), (2.12) show 
ln 1 + (1 - u2)“2 dv 
e -ino 
ln 1 + (1 - u2)i’2 
V 
dv - i arcsin p 
where Q(B) is given after (2.17). 
(ii) Similarly, on a = e”‘~2(s/u)‘~2~, for 0 < p < 1, 
(iii) On a = e-3ni12 (s/o)‘/~/?, for /I> 1, (2, ll), (2, 12) show 
1 
-= -iQ(l)exp 
K (a, s) 
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= -i{B+(82-1)“2}1’2exP T& ~~~u2~l~l,21~~,2~1~~,2+idv { j 
(v2-q1/*-i 
I 
= -i{fi+ (p2- 1)1’2}“2 P(p), 
where P(b) is given after (2.17). 
(iv) Similarly, on 0: = e~i’2(~/~)1’2~, for b> 1, 
1 
K- (a, s) 
=i{P+ (/I’- l)“‘}“‘P(fl) 
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